RESTRICTED EVEN PERMUTATIONS AND CHEBYSHEV POLYNOMIALS 



Toufik Mansour ^ 

Department of Mathematics, Chalmers University of Technology, S-412 96 Goteborg, Sweden 

touf ikQmath. Chalmers . se 

Abstract 

We study generating functions for the number of even (odd) permutations on n letters avoiding 
132 and an arbitrary permutation r on fc letters, or containing r exactly once. In several interesting 
cases the generating function depends only on k and is expressed via Chebyshev polynomials of the 
second kind. 
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1. Introduction 

The aim of this paper is to give analogies of enumerative results on certain classes of permutations 
characterized by pattern-avoidance in the symmetric group 6„. In the set of even (odd) permutations 
we identify classes of restricted even (odd) permutations with enumerative properties analogous to 
results on permutations. More precisely, we study generating functions for the number of even (odd) 
permutations avoiding 132 and avoiding (or containing exactly once) an arbitrary permutation r S 6^. 
Moreover we consider statistics of the increasing pattern. In the remainder of this section we present 
a brief account of earlier works which motivated our investigation, we give the basic definitions used 
throughout the paper, and the organization of this paper. 

Let [p] = {1, . . . ,p} denote a totally ordered alphabet onp letters, and let a — (ai, . . . , am) & [pi]™, 
P = (/3i, . . . , /3,,„) e [^2]™- We say that a is order-isomorphic to /3 if for all 1 < z < j < m one has 
ai < aj if and only if f3i < Pj. For two permutations tt G S„ and r S &k, an occurrence of r in 
TT is a subsequence I < ii < i2 < ■ ■ ■ < ik < n such that (tt^j, . . . ,TTi^.) is order-isomorphic to r; in 
such a context r is usually called the pattern. We say that tt avoids r, or is r-avoiding, if there is no 
occurrence of t in tt, and we say that tt contains r exactly r times if there is r different occurrences 
of T in TT. For example, the permutation 598376412 S 69 avoids 123 and contains 1432 exactly twice. 

While the case of permutations avoiding a single pattern has attracted much attention, the case 
of multiple pattern avoidance remains less investigated. In particular, it is natural, as the next 
step, to consider permutations avoiding pairs of patterns ti, T2. This problem was solved completely 
for ri,r2 G 63 (see |SimSchp . and for ti e 63 and T2 £ 64 (see jffi]). Several recent papers 
[CWll^^^lT^I^W2llMT^I^^ deal with the case n e 63, T2 S 6^ for various pairs ti,T2. 

Another natural question is to study permutations avoiding ti and containing T2 exactly t times. 
Such a problem for certain ti,T2 G 63 and t = 1 was investigated in |Roj . and for certain ti € S3, 
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T2 e 6k in |nW71IMVTll!^IMV2llMV8llMV4) . For example, several authors FHW^ IMVTl IKrl IBHtI 

have shown that generating functions for the number 132-avoiding permutations in 6„ with respect 
to number of occurrences of the pattern 12 . . . fc can be expressed as either continued fractions or 
Chebyshev polynomials of the second kind. 

Chebyshev polynomials of the second kind (in what follows just Chebyshev polynomials) are defined 
by Ur{cos9) ~ ™iing^^ f^'' r > 0. The Chebyshev polynomials satisfy the following recurrence 
Urit) = 2tUr-i{t) -Vr-2(i) for r > 2 together with Uo{t) = 1 and Ui{t) = 2t. Evidently, [/^(x) is 
a polynomial of degree r in x with integer coefficients. Chebyshev polynomials were invented for the 
needs of approximation theory, but arc also widely used in various other branches of mathematics, 
including algebra, combinatorics, and number theory (see Apparently, for the first time the 

relation between restricted permutations and Chebyshev polynomials was discovered by Chow and 
West in [TW] . and later by Mansour and Vainshtein |MVlllMV2llMV3llMV4] and Krattenthaler [Er| . 
These results are related to a rational function 




for all A: > 1. For example, Ri{x) — 1, R2{x) = jz^, and Rz{x) = jz^- It is easy to see that for any 
fc, Rk{x) is rational in x and satisfies the following equation (see |MV1I iMVSl IMV4p for fc > 1, 

(1-2) Rk{x) = 

1 - xRk-i{x) 

Let TT e S„. The number of inversions of n is given by |{(j, j) : tt^ > tTj, 1 < i < j < n}\. The sign 
of TT, sign(7r), is given by the number of inversions of tt modulo 2 (equals 1 if the number inversions 
of TT is given by even number, otherwise equals —1). We say tt is an even permutation [respectively; 
odd permutation] if sign(7r) = 1 [respectively; sign(7r) = — 1]. We say tt is an involution if tt = 7r~^. 
We denote the set of all even [respectively; odd] permutations in 6„ by €„ [respectively; D„]. For 
example, if tt = 4132 € 64 then the number of inversions of tt equals 4, so sign(7r) = 1 and tt e £4. 

The paper of Simion and Schmidt (SimSchj generalized and considered for many directions. Here 
we give two examples. The first one is paper of Chow and West |C W| . which had dealt with three 
cases of avoiding 132 or 123 and avoiding r e &k- In particular, they found the generating function 
for the number of permutations in 6„(132, 12 . . . fc) which given by Rk{x). The second one is papers 
of Guibert and Mansour jGMll lGM2| . which had dealt with the cases of avoiding 132 (or containing 
exactly once) and avoiding t G &k (or containing exactly once). More precisely, the paper .( 1 dealt 
with the case of the generating function for number of involutions in 6„ avoiding 132 (or containing 
exactly once) and avoiding r S (or containing exactly once). The paper jGM2| dealt with the case 
of the generating function for number of even (odd) involutions in 6„ avoiding 132 (or containing 
exactly once) and avoiding r G 6^ (or containing exactly once). 

Theorem 1.1. (see [CWl IGMTI [GM2j ) For all k>0, 

(i) The generating function for the number of permutations in S„ avoiding both 132 and 12 . . . fc is 
given by 

Rk{x). 
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(ii) The generating function for the number of involutions in 6„ avoiding both 132 and 12 . . . fc is 
given by 

(iii) The generating function for the number of even involutions in 6„ avoiding both 132 and 12 ... /c 
is given by 

fc-l / . 2 \ \ 

j=0 \ ^ ^ i=k-j ) 

The above theorem invites the following question: Find explicitly the generating function for the 
number even (odd) permutations avoiding both 132 and 12 ... fc in terms of Chebyshev polynomials? 
In this paper we give a complete answer for this question (see Subsection 12. 2|) . 

As a consequence of |MV2I IM V4j . we present a general approach to the study of even (odd) 
permutations avoiding 132 and avoiding an arbitrary pattern r of length fc, or containing r exactly 
once. We derive all the previously known results for this kind of problems, as well as many new results. 

The paper is organized as follows. The case of even (odd) permutations avoiding both 132 and r 
is treated in Section |21 We derive a simple recursion for the corresponding generating functions for 
general r. This recursion can be solved explicitly for several interesting cases, including 12 . . . fc, (d + 
l)((i + 2) . . . fcl2 . . . d, and odd-wedge patterns defined below. In particularly, we prove the generating 
function for the number of even (odd) permutations avoiding both 132 and t G 5*^(132) is a rational 
function for every nonempty pattern r. Observe that if r itself contains 132, then any 132-avoiding 
permutation avoids r as well, so in what follows we always assume that r G iS'fc(132). The case of 
permutations avoiding 132 and containing r exactly once is treated in Sectional Here again we start 
from a general recursion, and then solve it for several particular cases. Finally, in Section^we describe 
several directions to extend and to generalize the results of the pervious sections. 

Most of the explicit solutions obtained in the next sections involve Chebyshev polynomials of the 
second kind. 

2. Avoiding an arbitrary pattern 

Consider an arbitrary pattern t — (ti, . . . , Tk) G 6/c(132). Recall that is said to be a right-to-left 
maximum if Ti > tj for any j > i. Let mg = fc,TOi, . . . ,mr be the right-to-left maxima of r written 
from left to right. Then r can be represented as 

T = (T°,TOo,r\mi, . . . ,T'^,mr), 

where each of t' may be possibly empty, and all the entries of are greater than mi-)_i and all the 
entries of r'"*"^. This representation is called the canonical decomposition of r. Given the canonical 
decomposition, we define the ith prefix of r by tt* = (t'^, mo, . . . ,mi) for 1 < i < r and tt^ = t*^, 
TT^^ = 0. Besides, the ith suffix of r is defined by cr* — {t'' ,mi, . . . ,t'^ ,mr) for < i < r and 
a^~^^ = 0. Strictly speaking, prefixes and suffices themselves are not patterns, since they are not 
permutations (except for tt'' = cr" = r). However, any prefix or suffix is order- isomorphic to a 
unique permutation, and in what follows we do not distinguish between a prefix (or suffix) and the 
corresponding permutation. 
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The set of all T-avoiding even [respectively; odd] permutations in S„ we denote by Q;„(T) [respec- 
tively; D„(r)]. Let er{n) [respectively; Or{n)] be the cardinality of the set €„(132,t) [respectively; 
D„(132, r)]. The corresponding generating function let us denote by €r{x) [respectively; Dr{x)], that 
is, 



respectively; Drix) = ^ OT-(n)a;" 



The generating function for the number of permutations avoiding both 132 and t we denote by J>(x). 
Clearly, 

(2.1) Trix) ^(Br{x)+Drix). 

The following proposition which is the base of all the results in this section. 
Proposition 2.1. Let k > 1 and n> 1, then 

r 2n r 2n 

d=Oj=0 d=Oj=0 



er(2n) = J2 E (e^^lj) - e^<'-iO'))o<T<*(2n-- j - 1) + K^O') - o^rf-i(j))e<,d(2n - j - 1) 

d=Q j=0,2A,...,2n~2 
r 

+ E E (e,r<i(j) - e^<'-i(i))e^<i(2n- j - 1) + (o^d(j) - o^d-i(j))o^d(2n- j - 1). 

d=0 i=l,3,5,...,2n-l 



Proof. We use induction. Clearly, the result holds for n = \. Now let vr e 6„(132) such that Hj+i = n, 
< J < n—1. Then /? — (tti, . . . , TTj) is a 132-avoiding permutation on the letters n— l,n — 2,...,n — j 
and 7 = (tTj+i , . . . , 7r„) is a 132-avoiding permutation on the letters n — j — 1, n — j — 2, . . . , 1. If we 
assume that p avoids tt'^ and contains tt''"^, then 7 avoids a'^, where d = 0, 1, 2 . . . , r. Besides, 

sign(7r) = (-l)(^+i)("-^'-i)sign(/3)sign(7) = (-l)(^+i)("-i)sign(/3)sign(7), 

equivalently, 

sign(7r) = I ^ig^^*^^) ' sign(7). if n odd 

1^ (— 1)^+"'^ • sign(/3) • sign(7), ifneven 

Hence, if summing over all d = 0, 1, . . . , r and j = 0, 1, 2 . . . , n together with use of the fact that the 
number of even [respectively; odd] permutations in [respectively; D„] avoiding /3 and containing 7 
is given by ep{n) — e^^^(n) [respectively; op{n) — o^^^(n)] we get the desired result. □ 

Similarly to Proposition 12 . II we obtain the following result. 
Proposition 2.2. Let k > 1 and n> 1, then 

r 2n r 2n 

Or{2n + l)= J2 J^i^^-'U) - ^^''-^iJ))oa4'^n- j) + J2 Y.i.o^-'i.j) - o^d-i{j))e„a{2n- j), 

d=Qj=Q d=Oj=0 

r 

Or{2n) = J2 E (e^^j) - e^d-iij))e„42n- j -1) + {o^i{j) - o^d-i{j))o^42n- j - 1) 

d=0 j=0,2,4,...,2n-2 

r 

+ E E (e7r<j(j) - e^<i-i(j))o^d(2n - j - 1) + (o„d(j) - o^d-i(j))e„d(2n- j - 1). 

d=a j=l,3,5,...,2n-l 
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Our present aim is to find the generating functions ^ri^) and Dt-{x); thus we need the following 
lemma which holds immediately by definitions. 

Lemma 2.3. let {a„}„>o and {6n}ri>o be two sequences, and the corresponding generating functions 
are a{x) and h{x); respectively. Then 

(1) a2„a;2" = \{a{x) + a{-x)); 

n>0 

(2) E a2n-i2:2"-i = i(a(x) - a{-x)); 

n>l 

(3) E E a,b2n-i-jx^''-' = l{a{x)+ai-x))ibix)-b{-x)); 

n>l j=0,2,4,....2n-2 

(4) E E a,b2n-i-jx'"-' ^\{a{x)-a{-x))ib{x)+b{^x)). 

n>l i=l,3,5,...,2n-l 

Theorem 2.4. For ant/ nonempty pattern r G ©^(132), the generating functions fS.r{x) and Dr{x) 
are a rational functions in x satisfying the relations 



(2.2) 



<Br{x) — fBr{—x) — X {<BTyd{x) — €j^d-i {x))(Ba-d (x) + (€7rd(— a;) — ^.^.d-i (— x))Q;c,d (— a;) 



i=0 



+x J2 {^n-^ix) — D^d-i{x))0^d{x) + {Dj^d{—x) ~ OT^d-i{—x))D^d{~x)), 



d=0 



(2.3) 



Or{x) ~ Or{-x) ^xJ2 i'^r^-'ix) " ^r^d-l {x))0 „d (x) + (€^d(-x) - €^d-l {-x))0 „d (-x) 

d=0 
r 

+x J2 i^T^-^i^) ~ OT^d-i{x))€„d{x) + {DT^d{—x) — 0^d-i{—x))€^d{—x)), 

d=0 



^rix) + <Br{~x) - 2 = 
X ^ 

= o E i^TT-iix) + (B„d{-x) - <S^d-i{x) ~ (E^d-i{-x)){D„d{x) - 0„d{-x)) 

^ d=0 
X ^ 

+ - E {0^d{x) +0^d{-x) - D^d-i{x) - D^d-i{-x)){€^d{x) - iB„d{-x)) 

+ — J2 {'^7r''{x) — €^d{—x) — iBTrd-i{x) + iB^d-i{—x)){€„d{x) + €^d{—x)) 
2 d=o 

X 

+ - J2 i^^-iix) - 0„d{-x) - D^d-i{x) + D^d-i{-x)){£)„d{x) +D„d{-x)), 
^ d=a 



and 



Dr{x) +Dr{-X) 



= — E i^TT'^i^) + '^Tr''{~x) — €j^d-l{x) — €j^d-l{ — x)){€^d{x) — '^^d^ — x)) 

2 ci=o 
X ^ 

+ - E {^T^A^) +0^d(-a;) - D^d-i(x) - D^d-i(-x))(D<jd(a;) - D^d(-a;)) 

X ^ 

+ - E {'^■kA^) — '^■K'^{~x) — 'tT^d-\(x) + €^d-i(— .T))(Dcrd(a;) + Do.d(— a;)) 
2 d=o 

+ - E {^-kA^) ~ C7r'i(-a^) - D7rd-i(x) + D7rd-i(-x))(e:crd(a;) + £c,d(-x)). 
2 (i=o 

Proof. Using Propositions l2 . Il and l2 . 2l together with Lemma l23l we get Eauations l2 . 212 . 5l Rationalities 
of '^r{x) and D^-Ca;) for r 7^ follows easily by induction. □ 
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As a remark, the above theorem holds for the empty pattern without rationahties of ^ri^) and 

Usmg Theorem 12 .41 we get the main result of |MV2j . 

Corollary 2.5. (see Mansour and Vainshtein |MV2I Theorem 2.1]) For any nonempty pattern t G 
6fc(132), the generating function J>(x) is a rational function in x satisfying the relation 

T 

Tr(x) = 1 + x'^^{!FTjd{x) — !F^d-i{x))!F^d{x). 
Proof. If adding Eg nations 12.21 and 12 . 31 we have 

r 

(2.6) Tt{x) — !Fr{—x) ~ a; (jF^d (a;) — !FT^d-i{x))!F„d{x) + [J-T^d{—x) — J-'T^d-i{—x))J-'„d{—x). 

d=0 

If adding Equations 12 .41 and 12 . 51 we get 

Trix) +Tr{-X) - 2 = 
X ^ 

= — X] i^TT'^ i^) + ^ir'' (~2;) — T^d-\ {x) — T^d-i{^x'))(T„d {x) — T„d (—a;)) 
X ^ 

+ E i^ixA^) - - ^TT-i-^ix) +T^d-i{-x)){T„d{x) +T„d{-x)). 

equivalently, 

r 

(2.7) J-t{x) + J-t{—x) ~ 2 — a; (jF^d (x) — J^d-i (a;))Jvd (a;) — {J-„d{~x) — J^d-i (— x))Jvd (— x). 

rf=0 

Hence, if adding Equations 12 .61 and 12 . 71 then we obtain that 

r 

Tt{x) = 1 + x'^^{!FT^d(x) — Tj^d-l{x))Tcrd{x). 

Rationality of J-t{x) for r 7^ follows easily by rationalities of Dr{x) and (Br{x) (see Theorem 12.41 
and Equation l2.1|l . □ 

Our present aim is to find explicitly the generating functions ^t{x) and Dt{x) for several cases of 
r; thus we need the following notation. We denote the generating function €r{x) — Dr{x) by ^XIlr{x) 
for any pattern r. 

Theorem 2.6. For any r G 6^(132), 

r 

(2.8) Ttr{x) - Tir{-x) ^ x^{m^d{x) - m^d-i{x))m^d{x) + {m^d{-x) - m^d-i{~x))m^d{-x), 

d=0 

and 

r 

(2.9) 9Jl^(a;)+97l^(-a;)-2 ^ x^{m^d{x)-m^d-i{x))Dn^d{-x)-{m^d{-x)-m^d-i{-x))Tl^d{x). 

d=0 

Proof. If subtracting Equation 12.31 from Equation 12.21 then we get Equation 12.81 and if subtracting 
Equation 12. 51 from Equation 12.41 then we get Equation l2.9l □ 
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Corollary 2.7. Let r = {(3,k) e 6fe(132). Then 

2{l + xdJlfsi-x)) 



Mrix) 



(1 - xTlisix))^ + (1 + xdJlfji-x)) 



2 ■ 



Proof. Eauation l2.8l for r = (/?, A:) yields 

(1 - xmi3{x))DJlr{x) - (1 + Xmtp{-X))mtr{-X) = 0, 

and Equation 1^21 for r = (/?, /c) yields 

(1 + xTli3{-x))mr{x) + (1 - a:97t;3(2;))Wl^(-a;) = 2. 

Hence, the rest is easy to check by the above two equations. □ 

Example 2.8. Let t — 12 and P — 1. Sinee = 1 and D/3(x) = we get that 9Jl^(a;) = 1. 

Corollary for t — 12 yields 

™v / N ^ / X / X 2(1 + a;) 1 + x 

On the other hand, Corollarv \2.5\ together with Eauation \Z.l\ we have 

Ti2{x) = ei2{x)+Oi2{x) = 

1 — X 

Hence, 

^ / X 1 + a; , , X + x) 

>£i2(a;) = J and Oi2(a;) = — j—. 

1~ x^ 1 — a;'* 

2.1. Pattern t — 0. Let us consider the case r = as the first case which examined by Simion and 
Schmidt ISimSchl. 

Theorem 2.9. We have 

^{x) = \{C{x) + 1) + and Q{x) = \{C{x) - 1) ~ |c(x^). 



In other words, for all n > 1, 



(1) 


\<&2n- 


-2(132)H 


5C2n-2/ 




(2) 


\O2n- 


-2(132)1 = 


2C'2n-2/ 




(3) 


|£2n- 


-l(132)| = 


\{C2n-l H 


- Cn-i); 


(4) 


\O2n- 


-i(132)| = 


5(^2,1-1 - 


- C„_i). 



Proof. First of all, let us define m{x) = ^z{x), T{x) = T^^x), (£(x) = (£0(2;), and 0{x) = D0{x). 
Using the same arguments in the proof of Corollary 12 . 71 we get 

(1 - xTi{x))m{x) - (1 + xm{-x))m{-x) = o, 
(1 + xm{~x))m{x) + (1 - xm{x))m{-x) = 2, 

therefore, 

m{x) = €{x) - D{x) = 1 + xC{x^). 
On the other hand, Corollary 12.51 for r = yields J-{x) = 1 + xT{x)'^, so by Eauation l2.1l we have 
that 

T{x) = (B{x)+0{x) = C{x). 
The rest is easy to check. □ 
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2.2. Pattern t — 12 ... k. Let us start be the following example. 

Example 2.10. (see Simion and Schmidt [SimSchl Proposition 7]) Corollary \2. 7| together with Ex- 
ample \2.t^ yield 

»ti23(.T) = 

On the other hand, using the fact that J-i23,{x) — €123(0:) + 1)123(0;) = 1Z2X (^^^ |SimSch| l we get 



2 2 



'£123(0) = l + x+ — and Di23{x) 



1 - 2x " ' l-2x 

The case of varying k is more interesting. As an extension of Example 12.101 let us consider the case 
r = [k], where we define [fc] = 12 . . . k. 

Theorem 2.11. For all k>l, 

(i) e[2fc-i](o) = ^{R2k-i{x) + xRk-i{x^) + 1) and €[2k]{x) = ^ (^R2k{x) + xS^X^^^f "^'^ 

(ii) 0[2k-i]ix) = l{R2k-i{x) - xR,Mx^) - 1) and D[2fc](o) = \ {r2u{x) Y+ 1^2^ ""'^ 

Proof. We use induction on k. Using Example 12. 81 we get that 2Jli(x) = 1 and 9Jti2(o) — j^-§i- Now, 
let us fix k and assume that 

/ 2n . n (1 + xRk{x^))Rk{x^) 
^[2k-i](x) ^ l + xRk-i[x ) and m[2k]ix) = 1 + x'^R'^{x'^) ' 

Therefore, by the hypothesis of the induction and Corollary 12. 71 we get 



9 / 1 , x(l~xRk{x'^))Rk(x'') 

iytr2fc+il = 7^ 

x(l+xR^,(x^))Rk{x'^) Y , , x(l-xR^,(x'^))Rk(x^) Y 

y l+x^R:i{x^) ) ^V^^ l+^5j^T(j2) j 

2{l+xRk(x'^)) 

_ l+x-^RKx-^) ^ R r 2^ 

~ (i-xRk(x^)Y (i+xR^jx-'W ^ + xnk{x ). 

Also, by the induction hypothesis. Corollary 12. 71 and Identity 1 1.21 we haye that 
2(l + x(l-a;i?fe(a;2))) 



971 



[2fc+2] 



(1 - x{l + xRk{x^))y + (1 + o;(l - xRk{x^))Y 



2 / \2 



X] + -!T_ 7-2T + X 



2(l + a;i?fc+i(x2))i?fc+i(o2) _ {I + xRk+i{x''))Rk+i{x'') 



{l-xRk+i{x^)f + {l + xRk+i{x^)Y l + x^Rl^,{x^) 

Hence, for all fc > 1, 

(l+oi?fc(x2))i?fc(x2) 



Tl[2k-i]ix) = 1 + xRk-iix') and m[2k]{x) 



l+o2i?2(a;2) 
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On the other hand, in [TWI (see also |MVlllErllMV2llMV4| ) was proved 

for aU m > 1. Hence, by the above two equations we get the desired result. 

Example 2.12. Theorem. Wll\ for fc = 3,4, 5 yields 

e[5](ri)-0[5](n) = i(l + (-l)"+i); 
e[7]H-0[7](n)=V2""'(l + (-ir+i); 



□ 



e[9](") -0[9](n) = 
where Fn^a is the {n — 3)th Fibonacci number. 



2.3. Pattern r — 213 . . .k. Let us start by the following example. 



Example 2.13. (see Simion and Schmidt |SimSchl Proposition 7]) Corollary \2. 7\ for r = 213 together 
with the fact that Tl2i{x) — €21(2;) = and 02i{x) = yield 



(l-a:)(l-4a:^+4a:4) 
^^^^(^)=(l-2.)(l-3x2 + 4.4)' ^213(0.) 



(1 - x)a 



(1 - 2x)(l - 3x2+4x4)' 



The case of varying k is more interesting. As an extension of ExamDle l2.13l by using Corollarv l2.7l 
and induction on k (Similarly to Theorem 12. ll|l we get 



Theorem 2.14. For all fc > 1, 



2134. ..(2 



k)ix) 



(i+2x) ([/2,,i (A,) „ (^) + 



C/2fe(2^)-2xC/2fe+l(2^)+T 



=3^ 



971. 



2134. 



.(2fc-i)(a;) = 



(l + 2x) (c/2,_2 (^) - C/2,_i (^) 



l-3x'^ 



U2k-1 



2xc/., (^) - 



By Theorem 12.141 together with use of the fact that T2i34...k{x) — Rk{x) (see |MV2I Theorem 2.6]) 
we get 



Corollary 2.15. For all k> I, 



(i) (£2134.. .(2fe) (a;) = \ 

(ii) 02134...(2fe)(2:) = \ 



a+2^)(t^^^-i(A)-^2.(A)+4y) " 

U,,{^)-2xU,,^,{^) + ^ 
-i(^) _ (l+2-)(t/2.-l(5^)-C/..(^) + 4±||^) 



(iii) (£2i34...(2fc-i)(2:) = 5 

(iv) 1)2134.. .(2fc-i) (a;) = 2 



v^t^--i(^) r/.._i(i)-2.c/.,(i)-^^^li^ 

^2.-2 (^) _ (1 + 2.)(c/..-2(^)-C/2.-i(A) + 4t|S^; 

l/.._,(^)-2.C/..(^)-Ml_i|n 



v^^2.-l(5^) 
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2.4. Pattern {d + l){d + 2) . . . kl2 . . .d. In this subsection we consider the case r = [fc, d] where 
[/c, d] = (d + l)((i + 2) . . . kl2 . . .d. Following to Theorem 12.111 our present aim is to find explicitly 
the generating functions 'trix) and £)t{x) where r = thus we need to consider four cases either 

k even or odd, and either d even or odd. First of all, using Theorem 12.61 for r — [fc,d] we state the 
following fact. 

Lemma 2.16. Letk>2, 1 < d < fc - 1, and r = [k,d]. Then 

' (1 + x97l[fe_d_i](-a;) - (-x))9Jl,(x) + (1 - a;OT[fe_d_i] (x) + a;9Jl[d] (x))^. (-x) 

= 2 + xan[fe_d-i] (-a;)9K[<j] (x) - x9Jl[fc_d„i] (x)9Jl[d] (-x), 

(1 - .Tan[fe_d_i](x) -xa)T[d](x))OT,(x) - (i + xan[fc_d_i](-x) + xOT[d](-x))9Ji,(-x) 

= -x97i[fc_d_i](x)an[d](x) - x2Ji[A._d_i](-x)a7i[d](-x). 

2.4.1. fc and d are odd numbers. Now, we ready to consider the first case k and d are odd numbers. 
Theorem 2.17. LetO<d<k. Then 

^l2k+iM+i]{x) = l + xRk{x'^). 

Proof. Theorem lCTI vields 9Jl9t.-9^-i (x) = l + xRk-d-i{x^) and 9Jl2d+i(2;) l + xRd{x^). Therefore, 
by use of Lemma [2. 161 for t — [2k + 1, 2d + 1] we get 

Mrix) + mr{-x) = 2, 

(1 - 2x - x^Rdix^) - x^Rk^d~i{x^))Tlr{x) -{l + 2x- x^Rd{x^) - x^Rk-d-i{x^))Tlr{~x) 

= -2x - 2x^Rdix^)Rk-d-i{x^), 
so, 

x(l-x^i?.(x^)i?._,_,(x^)) 



l-xHRd{x^) + Rk-d-i{x'))' 
By using the following identities (see |MV2| ') 



(2.10) 1 - x'Rp{x')Rq{x') = / LU> 7.^^ '''''^ ^ ~ x^(i?p(x') + i?,(a;")) 

>.x) ^1\2x) 

mr{x) = 1 



we have 



and by Identitv ll.ll we get the desired result. □ 

By Theorem 12 . 1 71 together with use of the equation T^k,d]{^) — Rk{x) (see |MV2I Theorem 2.4]) we 
get 

Corollary 2.18. For allO<d<k, 
'£[2fe+i,2d+i](2;) = ^{R2k+i{x) + xRkix'^) + 1) and 0[2k+i,2d+i]i^) = i^{R2k+i[x) - xRkix^) - 1). 

A comparison of CoroUarv 12 . 1 81 for values of d suggests that there should exist a bijection between 
the sets £„(132, 2 . . . (2fc + 1)1) and €„(132, (2d + 2)(2d + 3) . . . (2fc + 1)12. . . (2d + 1)) for any d. 
However, we failed to produce such a bijection, and finding it remains a challenging open question. 
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2.4.2. k odd number and d even number. Now, let us consider the case where k odd number and d 
even number. 

Theorem 2.19. Letl<d<k. Then 

97l[2fc+i,2d](a;) ^l + xRk{x^). 

Proof. Let m — k ~ d; solving the system equations in Lemma [2. 161 for t = [2k + l,2d] together with 
use of Theorem 12 . 1 1 1 we get 

= 1 + 1-,2^^(,2)^^(,2) • 

Using Identities 12. 101 we get the desired result. □ 

By Theorem 12 . 1 91 together with use of the equation .^[^,^^1(2;) = Rk{x) (see jMV2l Theorem 2.4]) we 
get 

Corollary 2.20. For alll<d<k, 

<£[2fc+i,2d](2;) = ]^{R2k+i + I + xRk{x^)) andQ^2k+i,2d]i^) ^ ^(-^2^+1 - I- xRkix"^). 

A comparison of Corollary 12.181 with Corollary I2.2UI suggests that there should exist a bijection 
between the sets €„(132, 12 . . . (2fc + 1)) and £„(132, [2k + 1, d\) for any d. However, we failed to 
produce such a bijection, and finding it remains a challenging open question. 

2.4.3. k even number and d odd number. Similarly as above subsections, we can consider the case 
where k even number and d odd number. 

Theorem 2.21. Let < d < k — 1 and m = k — d — \. Then the generating function ^[2k,2d+i\{x) 
is given by 

(1 - x^R,n{x'') + Rdjx^)) + x(l - x^Rm{x^)Rd{x''))) (1 + x^ R„,{x^)Rd{x^)) 

i-xHi + RUxmi + ^'RU^')) 

By Theorem l2 . 2 II together with use of the equation J-[i; d]{x) — Rk{x) (see jMV2l Theorem 2.4]) we 
get 

Corollary 2.22. Let < d < k - 1 andm = k- d-1. 
(i) The generating function <S-[2k,2d+i] is given by 

1 / (1 - x\R^{x^) + Rd{x^)) + x{l - x^RUx^)Rd{x^))) (1 + x^ R„,{x^)Rd{x^)) \ 
2\^^^''>^ l-x^{l + Rl,{x^)){l + x^Rl,{x^)) )■ 

(ii) The generating function 0[2k.2d+i]ix) given by 

l( (1 - X^Rr,,ix^) + Rdjx^)) + Xjl ~ x'Rra{x^)Rdix'))) (1 + X^ R,n{x^) Rdjx')) \ 

2 I "'^''> l-xHl + Rl{x^m + x^Rl{x^)) ■ 
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2.4.4. k and d even numbers. Similarly as above subsections, we can consider the case where k and d 
even numbers. 

Theorem 2.23. Let I < d < k ~ 1 and m ^ k — d — 1. Then the generating function ^[2k.2d]ix) is 
given by 

1 (1 - xHR^jx^) - Rdjx^))) (1 - xHRdjx') + Rrr^jx')) - x{l - x^Ra{x^)Rra{x^))) 
X a; + a;3(i + a;2^2(^2))(i_2i?„,(x2)+a;2i?^(a;2)) 

By Theorem 12 . 2 31 together with use of the equation T^k ,i^{x) = Rk{x) (see |MV2I Theorem 2.4]) we 
get 

Corollary 2.24. Let 1 < d < k - 1 andm = k- d-1. 

(i) The generating function ^[2k,2d+i] (x) is given by 

If 1 {l-x^iRm{x^)-Rdix^))){l~xHRd{x^)+Rm{x'))-x{l-x^Rdix^)Rrn{x^))) 

2\ + x + x^il + x^Rl{x^)){l-2R^{x^) + x^Rl{x^)) 

(ii) The generating function 0[2k.2d+i]i^) given by 

If 1 (1 - x\Rr,{x^) - Rdjx'))) (1 - x^R4x^) + R^mjx')) - x{l - x' Rd{x')Rm{x'))) 

^[R2k{x) ^+ x + x3{l + x^Rj{x^)){^-2R,r^ix^)+x^Rlix^)) 

2.5. Wedge patterns. For a further generalization of the results in the pervious subsections, consider 
the following definition. We say that r e &k is a wedge pattern if it can be represented as r = 
{t^, p^, . . . , t"^ , p^) so that each of r* is nonempty, {p^, p^, . . . , p"^) is a layered permutation of 1, . . . , s 
for some s, and (t\ t^, . . . , t"^) = (s + 1, s + 2, . . . , k). For example, 645783912 and 456378129 are 
wedge patterns. Evidently, [k, d] is a wedge pattern for any d. We say that t G &k is an odd-wedge 
pattern if it a wedge pattern such that the length of (t^,p^, . . . ,TP,pP) is given by odd number for 
all p = 1, 2, . . . , r. For example, 23145 and 34251 are odd-wedge patterns. Evidently, [2k + 1, d] is an 
odd-wedge pattern for any d. 

Theorem 2.25. Mrix) = 1 + xRk{x^) for any odd-wedge pattern r € 62fc+i(132). 

Proof. We proceed by induction on r. If r = 1 then t = [2k + 1, d] for some rf, and the result is true 
by Theorems 12.171 and 12.191 For an arbitrary r > 1, t looks like either 

r = (r', 2p + 2rf + 2, 2p + 2d + 3, . . . , 2fc + 1, 1, 2, . . . , 2d), 

or 

T = (r', 2p 2d + 3,2p -h 2d + i, . . . ,2k + 1,1,2, . . . ,2d + 1), 
for some d and p, where t' = {t^, p^, . . . , r*""^, p^^^). 

The first case; r' contains 2p-|-l elements and it is an odd- wedge pattern, so by induction DJlr'{x) = 
1 -t- xRp{x'^), so CoroUarv 12 . 71 gives 

^ I , il + xRp+iix^))Rp+,{x^) 

Tl^r',2r>+2d+2){x) - l+^2^2^^(^2) ' 

and then 

2^(r',2p+2d+2,2p+2d+3)(a;) = 1 + xRp+i{x'^). 
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Therefore, by induction we have 

•'■IHr',2p+2d+2,2p+2d+3,...,2k}(X) ~ 1 + Rl ^(x^) ' 

Hence, Theorem IT^ for r = (t', 2p + 2d + 2, 2p + 2d + 3, . . . , 2fc + 1, 1, 2, . . . , 2d) yields (similarly as 
Theorem Em 

™ . , x{Rk-d{x^) + Rdjx^) - Rk-dix^)Rdix^)) 

l-x^Rk-d{x^)Rd{x^) 
and using Identities 12 . 101 we have that dJlr{x) = 1 + xRk{x'^). 

The second case; similarly as the first case we have that 

^{T\2p+2d+3,2p+2d+4,...,2k){x) = 1 + xRk-d-lix"^) ■ 

Hence, Theorem E21 for r = (r', 2p + 2d + 3, 2p + 2d + 4, . . . , 2fc + 1, 1, 2, . . . , 2d + 1) yields (similarly 
as Theorem EHHl 

^ ( ^ . , xil^x'Rd{x^)Rk-d-iix')) 
' ^ l~x^{Rd{x^) + Rk-d-i{x^)y 
and using Identities 12 . lUI we have that ^r{x) = 1 + xRk{x'^)- □ 

A comparison of Theorem 12.111 with Theorem 12.251 suggests that there should exist a bijection 
between the sets e„(132, 12 . . . (2A: + 1)) [respectively; 0„(132, 12 . . . (2fc+ 1))] and l£„(132, r) [respec- 
tively; D„(132,r)] for any odd-wedge pattern r. However, we failed to produce such a bijection, and 
finding it remains a challenging open question. 

Corollary 2.26. For any odd-wedge pattern t G (32fe+i(132), 

€r{x) ^ ]^{R2k+i{x) + xRk{x^) + I) andOr{x) - ]^{R2k+i{x) ^ xRk{x^) - I). 



3. Containing a pattern exactly once 



Let er-r{n) [respectively; Or-rin)] denote the number of even [respectively; odd] permutations in 
S„(132) that contain t S 6^(132) exactly r times, and e^.]^(rt) [respectively; o^.^(n)] denote the 
number of even [respectively; odd] permutations in C;„(132, p) that contain r e 6^(132) exactly 
r times. We denote by €T-r{x) and €'^.j.{x) [respectively; Dr-rix) and Op.j.{x)] the corresponding 
ordinary generating functions. Using the argument proof of Theorem 12 .41 we get as follows. 

Theorem 3.1. For any r = (r*^, toq, . . . , r'', Wr) be the canonical decomposition of nonempty t e 
S'fe(132), then 

2;r;i(a;) - ^ x^J: €f,_,.^ix)€f,:^ (x) + €l1_,.^{~x)€f,:^ i-x) + 

(3-1) rfi° ' ' 

+x E OlL,.,{x)Df,.^{x)+Ol1_,.^i^x)Of,.^\^x), 

d=0 ' ■ ■ ' 



r-l-1 



Or;iix) - Or-ii"x) ^xJ2 (£^.-i.i(a;)D^,:, {x) + e;.-i.i(-a;)D^,:, {-x)+ 
(3.2) ' ' 

+x E !^ll-i,Ax)K'^a{x)+Of,_,.^{-x)ef,.^{-x), 



d=0 
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(3.3) 



+f E (^^^j^mI^) +^:;'-.i(-^))(e^^"i'(^) - e^r;(-2;))+ 



r+l 



X 



2 £i=0 



and 



(3.4) 



Qr-Ax)+Qra{-^) = I E + €^L,.,(-x))(e:-r;(x) - £^r;(-x))+ 

- +^^-l'(-^))+ 



X 



r+l 



Remark 3.2. Strictly speaking, Theorem \3.1V unlike Theorem \2.4\ is not a recursion for (£t-;i(x) or 
Dr-i{x), since it involves functions of type <S.'^.i{x) and D!^.i{x) (unless r = 0; see the next subsection). 
However, for these functions one can write further recursions involving similar objects. For example, 

- '€,-^.ii-x) = X E + '^^-^.,{-x)<^^.^{~x)+ 

+x E 0;L,.,(x)D^f \(x) + D$^,.,{-x)Df^.^{-x), 



and 

D^ti.i(^) - 0^_,.,{-x) ^ X E €^-,.,{x)Dj^.^{x) + (£;:_,.,(-a:)D^r\(-a:)+ 

i=o ' ' 

+x E D^-i.i(x)<r\(a:) + D;jL,.i(-x)<r\(-x), 

i=0 ' 
where cr'j^i is the ith suffix o/vr-'^^. Though we have not succeeded to write down a complete set 
of equations in the general case (for <S-f^{x) and Df^{x)), it is possible to do this in certain particular 
cases. 

As a corollary of Theorem 13. II we obtain the main result of |MV2) . 

Corollary 3.3. (see Mansour and Vainshtein jMV2[ Theorem 3.1]) Let r = (T",mo, . . . ,T'^,mr) be 
the canonical decomposition of t d 5'fc(132), then for all r >0, 

r+l 

Gr{x)^xY,GlU{x)Gl7\x), 

where Gt{x) is the generating function for the number of permutations in S„(132) containing r exactly 
once, and G'^{x) is the generating function for the number of permutations in 6„(132,p) containing 
T exactly once. 
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Proof. If adding Equations 13 . II and 16 . 21 together with use of the fact that Gp{x) = 2;?(a;) + Df^{x) for 
any r and p, we get 

r+l 

(3.5) Gr{x) - Gr{-x) =xJ2 G^Li {x)Gf," {x) + G^Li {-x)Gf," (-x), 
and if adding Eg nations 13.31 and 13 . 41 we have 

r+l 

(3.6) Grix) + Gr{-x) =xY, (a;)G^r' (x) - G^Li (-x)G^r' (-x). 

Hence, by adding the Equations 13 . 51 and 13 . 61 we get the desired result. □ 

Our present aim is to find exphcitly the generating functions €t-i{x) and Dt-i{x) for several patterns 
T, thus we the following notations. We define ^}Jlr-r{x) = €r-r{x) — Dr-r{x) and 9Jl^.^(x) = €p.j.{x) — 
D^.^(x) for any r and p, and ^0.,^{x) — 97lp(x) for any p. 

Theorem 3.4. For any t ~ {t'^ ,mQ, . . . ^t"^ ,mr) be the canonical decomposition of nonempty r G 
5fc(132), then 

r+l 

(3.7) 9n,a(x) - OT.a(-x) = x ^ Dnil-i.i{x)DJll1~^ (x) + 9Ji;;'-i.i(-x)97l^'"i' (-x), 

d=0 

and 

r+l 

(3.8) 9Jl.;i(x) + 5m,a(-x) = x ^ 9Jl^Li.i(x)9Jl^'"i' (-x) - mi1-ia{-x)mf,~^ (x). 

Proof. If subtracting Equation 13.21 from Equation 13.11 then we get Equation 13.71 and if subtracting 
Eg nation 13 . 41 from Equation 13.31 then we get Equation l3.8l □ 

3.1. Pattern t — [k]. One can try to obtain results similar to Theorems 12 . 1 1 1 1^ . 141 and l2. 1712. 231 but 

expressions involved become extremely cumbersome. So we just consider a simplest wedge pattern, 
which is the pattern [k]. 

Theorem 3.5. For all m> 0, 

X 

(i) OT[2m+l];l(x) = , 
^rn \ 2x) 

Proof. Let r = [fc], then r = 0, and it follows from Theorem 13 . 41 that 

OT[fe].i(x) - M[fc].i(-x) = xOT[fc_i](x)9Jt[fe]a(x) + xOT[fe_i](-x)2ri[;,],i(-x) 

+x97l[fe_i]a(x)2n[fc](x)+x2n[fc_i].i(-x)9Jt[fe](-x), 

(3.9) 

$m[fe].i(x) +OT[fc];i(-x) = xOT[fe_i](x)9Jl[fe]a(-x) - x9Jl[fe_i](-x)an[fc];i(x) 

+x97l[fe_i];i(x)OT[fe](-x) - x9Jl[fe_i].i(-x)OT[fe](x). 
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Now, let US consider two cases either k = 2m ot k — 2m + 1 as follows, (i) Let k — 2m, Eauation l3.9l 
for k — 2m and Theorem 12 . 1 II together with Identitv il.2l we get 

(1 - xRm{x^))m[2m];l{^) " + xRr,Ax^))Tl[2,n]-l{'^) = 

_ x{l+xR^{x'))Rl,{x^) ^ , , , x{\^xR^{x'y)Rl^{x') ^ 

- x^x^Rlix^) + x + x^RU^^) 

(1 + xi?,„(a;2))2Jt[2™].i(a:) + (1 - xR^{x'))m^2ra\,i{-x) = 

_ x{l-xRm{x^))RUx^) ^ xjl + xR^ix^))Rl{x') ^ 

1+X2i?2j^2) 9«[2™-l];l(^) YT^^IJ^U^) 2Jlp™-l];l(-x). 

If solving the above system of Equations, then using Identitv ll.2l we have 

(3.10) m[2m];l{x) = (i^^2']^2 (^2))2 ( ^ ^'C(a;'))9K[2™_i];i (x) - 2xR^{x^)Tl[2m~^],l{-x) j . 

(ii) Let k = 2m + 1, similarly as first case (i) we get 

(3.11) OT[2r„+i];i(a:) =x(^{l- x^Rl,{x^))m[2,n];i{x) - 2a;i?™ (a:^ )gjl[2™] ;1 (-3:)^ 
If using Equations 13 . lUI and 13 . 1 II then we have that for m > 1, 

9^[2m+l];l(a;) x'^R^n{x'^)m[2m-l];l{x)- 

Besides, by definitions we have that Tl[iyi{x) — x, hence ^[2m+i]-i{x) = jpr^^r^- Using Eauation l3.1()l 
together with the property Up{t) = Up{—t) for all p, we get the desired result. □ 

Theorem 13.51 together with the fact that the generating function for the number permutations in 
S„(132) containing [k] exactly once is given by (see IMVlp we have 



Corollary 3.6. For all m> 0, 



(iii) Q:[2,„+2];l(x) - i [ ul^Jl^^) + J^,^r(:^i)^''^,^„(^) (1 + '^^Rm+lix') ~ x' Rl+l{x')) ), 

(iv) D[2,„+2,;1(X) = i ( ; - + ^xR^Mx^) - X^RU,{X^))) . 



4. Furthermore results 



In this section, we present several directions to generalize and to extend the results of the previous 
sections. 
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4.1. Statistics on the set €„(132) and on the set D„(132). The first of tliese directions is to 
consider statistics on the set 2:„(132) (or on the set D„(132)). First of all, let us define 

^{xi,X2, ■ ■ ■) —J2n>oJ2Tvee„{i32)Ilj>i^j ^ 

<B{xi,X2, ■ ■■) = J2n>0 I]7reC,.(132) Ilj>l 
0{xi,X2, ■ ■ ■) ^J2n>0^7TeO„{132)Y[j>l^j ^ J 

where 12...j(7r) is the number occurrences of the pattern 12... j in tt. We denote the function 
(B{xi,X2, ■ • ■) ~ ^{^17^2, ■ • ■) by 97l(a;i,X2, . . .). Using the same arguments in the proof Corollary 12. 71 
together with the main result of |ljCS| we get as follows. 

Theorem 4.1. We have 

2(1 + xiTl{—xiX2, X2X3, . . .)) 



M{xi,X2, ■ ■ .) 



(1 - Xi07l(xiX2, a:2a:3, . . .)Y + (1 + XiM{-XiX2., X2X3, . . .))^ ' 

1 



J^{xi,X2, • ■ •) = '^{X1,X2, ■ ■ .) +D{xi,X2, ■ ■■) = 



1 - XiJ^{xiX2,X2X3, ...)' 



An application for Theorem 14.11 we get the distribution of the number right to left maxima on the 
set €„(132) or on the set D„(132). Let tt € (3„; we say tTj is right to left maxima of tt if ttj > iTi for 
all j < i. The number of right to left maxima of tt we denote by rlmT^. 

Corollary 4.2. We have 



(i) E E ^"y 



1 , l + xy-x^yCix^) 



rt>o.e€{m 2\l~xyCix) ■ l-2x^yCix^)+x^y^C{x^) 



(ii) E E ^"2/ 



n„,w™, 1 l + xy-x^yC{x^) 



nVo .eot(i32) 2 V 1 - ^yC{x) 1 - 2x'yC{x^) + x^y^C{x^) 

Proof. Using Theorem 12 .91 together with definitions we have Tl{x, 1,1,...) = 1 + xC{x'^). So, Theo- 
rem yields 

, _i N ^/ -1 \ N 1 + xy — x'^yCix'^) 

^[xy,y ,y,...) = 't{xy,y ,y, . . .) - 0{xy,y ,y, ...) = 



l-2a;2yC(x2)+a;2y2C(a;2)' 
and 

J^(xy,?/~\?;,y"\ . . .) = €{xy,y-^,y,y-^, . . .) + D{xy,y-^,y,y-'^, . . .) = Y^^^^^C{x)' 
On the other hand, using [BCSL Proposition 5] we get 

E E x^'y''''"'' ^J'{xy,y-'^,y,y-\...), 

n>0 ireS„(132) 

E E x^y^'"'- =<&{xy,y-\y,y~\...), 

n>0 7re(i*„(132) 

J2 J2 x^y^'^'^- ^0{xy,y-\y,y-\...). 

n>0 7rGO,i(132) 

By combining all these equations we get the desired result. □ 
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An another application for Theorem 14.11 we get an explicit expressions for the generating func- 
tion X]n>oS7re(S (132) x"?/^^ "'^^^) for givcn k and 12. . .k{'K). The following result is true by using 
Theorcmltn 

Theorem 4.3. Let k > 1; we have 



(ii) an[2fc+i];i(a;) = ui{^) ' 

(iii) 2n[2.+i];2 W = jjff^i^Rkix') - 1) = ^^'^"'^'if^l.^''^^^^ ■ 

Therefore, by |MV1[ Theorem 4.1] together with the above theorem we get the number of even (or 
odd) permutations avoiding 132 and containing [2k + 1] exactly r = 0, 1, 2. For example, for r — 2 we 
get (for r — 1 see Corollary 13. 6|l 

Corollary 4.4. Let k>l. Then 

(i) the generating function for the number 132-avoiding even permutations containing 12 . . . (2fc-|- 1) 
exactly twice is given by 



1 /v^cM^M , -\u^-^m-u^{h)) 



(ii) the generating function for the number lS2-avoiding odd permutations containing 12 . . . (2fc + 1) 
exactly twice is given by 



4.2. Two restrictions. The second of these directions is to consider more than one additional re- 
striction. For example, the following results is true. Let B^i.T^ix) be the generating function for the 
number of even permutations in l£„(132, t^, t^). Assume = 12 ... A: and = 2134 . . . fc, then we 
get as follows. 

Theorem 4.5. Let Vrn{x) = (1 — xWm(x))Wm+i{x) such that 

^ ^^-^ _ (1 - x'^Rm-2{x)Rm-3{x))Rni-lix) 
™ 1 - x'^Rrn-lix)Rm~2{x) 

Then, for all k > 2, 

(1) The generating function 2;i2...2fe,2i34...2fe(a;) is given by 

^{W2k{x) + l + xRk{x^)) . 

(2) The generating function Di2...2k,2i34...2kix) is given by 

^ {W2k{x) - I ~ xRkix^)) . 
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(3) 




■ Rk+i{x^) + W2k+i{x) 



(4) 




2 l + x^Rl^,ix^) 



Rk+iix"") 



Another example to consider the case of avoiding and counting occurrences of r^. For example, 
the following result is true. Let ^'^i{x,y) [respectively; Q'[i{x,y)\ be the generating function for the 
number of even [respectively; odd] permutations in 6n(132,T^) containing exactly r times. 



for all m > 0. 
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